Maximal selectivity for orders in fields  by Arenas-Carmona, Luis
Journal of Number Theory 132 (2012) 2748–2755Contents lists available at SciVerse ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
Maximal selectivity for orders in ﬁelds
Luis Arenas-Carmona
Universidad de Chile, Facultad de Ciencias, Casilla 653, Santiago, Chile
a r t i c l e i n f o a b s t r a c t
Article history:
Received 18 December 2011
Accepted 29 May 2012
Available online 28 July 2012
Communicated by David Goss
MSC:
11R52
11R56
11R37
11G30
Keywords:
Central simple algebras
Embeddings of orders
Selectivity
Spinor class ﬁelds
Representation ﬁelds
If H ⊆ D are two orders in a central simple algebra A with D
of maximal rank, the theory of representation ﬁelds describes the
set of spinor genera of orders in the genus of D representing the
order H. When H is contained in a maximal subﬁeld of A and
the dimension of A is the square of a prime p, the proportion of
spinor genera representing H has the form r/p. In fact, when the
representation ﬁeld exists, this proportion is either 1 or 1/p. In
the later case the order H is said to be selective for the genus. The
condition for selectivity is known when D is maximal and also
when p = 2 and D is an Eichler order. In this work we describe
the orders H that are selective for at least one genus of orders of
maximal rank in A.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let K be a number ﬁeld. Let A be a central simple algebra (CSA) over K . Let D be an order of
maximal rank in A, and let H be a suborder of D. Chevalley studied in [7] the problem of determine
the set of conjugacy classes in the genus of D on which the suborder H embeds. He solved the
problem when A is a matrix algebra of arbitrary dimension, D is a maximal order, and H is the
maximal order in a maximal subﬁeld L of A. Chevalley’s result can be stated as follows:
The proportion of conjugacy classes on which H embeds has the form 1/[F : K ] for a ﬁeld F =
H ∩ L, where H is the Hilbert class ﬁeld of K .
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Known representation ﬁelds.
Year Ref. A (CSA) D H KH
1936 [7] matrix max. max. ﬁeld (max.)
1999 [8] quaternion max. commutative
2003 [1] NPR max. max. ﬁeld (max.)
2004 [9,6] quaternion Eichler commutative
2008 [2] quaternion max. Eichler =A
2010 [12] prime degree max. ﬁeld
2011 [11] quaternion ()   commutative
2011 [4] max. commutative
2011 [5] max. LCMO CSA
In fact, the proportion of conjugacy classes representing a given suborder has often the form
1/[F : K ] for a suitable ﬁeld extension F/K . When H is contained in a maximal subﬁeld L of A,
we usually have F ⊆ L. This type of results requires an Eichler condition [8] on the algebra A. This
can be avoided by replacing conjugacy classes by spinor genera, and recalling that every spinor genera
contains a unique class whenever Eichler condition is satisﬁed. An order is said to be represented by
a genus or spinor genus X if it is represented by at least one order in X . In this context, existing
computations for the number of spinor genera in a genus gen(D), of orders in a CSA A, representing
a given order H, can be summarized in Table 1. NPR above stands for no partial ramiﬁcation, a weaker
condition than prime degree, while LCMO means locally cyclic or maximal order. The condition , says
that D is maximal at all places where either, H is non-maximal, or A is ramiﬁed.
This theory has been extended in [13] to study optimal embeddings. The main result in [9] and
[6] implies that when an order H in a quadratic subﬁeld L ⊆ A is selective, every embedding of H
into an order in the genus of D is optimal (in the sense deﬁned in [13]) at any place that is inert
for L/K . We show in Example 3.1 bellow that this fails to generalize to arbitrary orders. The proof
of the main result in [4] can be easily generalized to other families of suborders. For example, it is
very simple now to write a general formula for the proportion of spinor genera of maximal orders
containing any given suborder H in a quaternion sub-algebra of A. However, the condition that D is
maximal is essential in these computations, and a generalization to arbitrary orders D of maximal
rank seems unlikely at this point.
In this paper we focus on the case where H is an order of maximal rank in a maximal subﬁeld L
of A, and p = dimK L =
√
dimK A is a prime. Our main results are the following:
Theorem 1. Let A be a quaternion algebra and L ∼= K (√d) a maximal subﬁeld. Then, an order H of maximal
rank in L embeds into all the spinor genera in gen(D) for every order of maximal rankD containingH, unlessA
is isomorphic to the algebra deﬁned by the Hilbert symbol (−1,dK ). Equivalently, A ramiﬁes at exactly the same
set of places where d fails to be a sum of two squares. When this condition is satisﬁed, there exists an order of
maximal rankD, such that H embeds into exactly one half of all the spinor genera in the genus gen(D).
When L/K is a Galois extension, we say that an order H⊆ L is asymmetrical at a non-split place ℘
if σ(H℘) =H℘ for some element σ ∈ Gal(L℘/K℘).
Theorem 2. Assume thatA is a central simple algebra of dimension p2 , where p is an odd prime, and let L ⊆A
be a maximal subﬁeld. Then, any order H of maximal rank in L embeds into all the spinor genera in gen(D) for
every order of maximal rankD containing H, unless the following conditions are satisﬁed:
1. L/K is Galois,
2. the order H is asymmetrical at every ﬁnite place that is ramiﬁed for A.
When these conditions are satisﬁed, there exists an order of maximal rankD, such that H embeds into 1/p of
all the spinor genera in the genus gen(D).
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Existential results and counterexamples.
Year Ref. A D G2 H Existence
2004 [6] quat. commutative YES
2008 [2] max. = {id} Eichler NO
2008 [2] max. = {id} YES
Note that the preceding result does not rule out the possibility that, for some r with 1< r < p, the
same order H embeds into r/p of all spinor genera in a second genus gen(D′) of orders of maximal
rank. We ignore at this point whether this can happen or not.
Corollary 2.1. A symmetric order cannot be selective for any genus of orders contained in a central simple
division algebra of dimension p2 for prime p, if either p is odd or −1 is a square.
Corollary 2.2. For every order H contained in a Galois extension L/K of prime degree p, there exist a
p2-dimensional algebra A, and a genus of orders of maximal rank in that algebra, for which H is selective.
Furthermore, we can assume that A is a matrix algebra if either, p is odd, or −1 is a square in K .
2. Maximal representation ﬁelds
Let K be a number ﬁeld, let A be a CSA over K and let D be an order of maximal rank in A.
Let Σ be the spinor class ﬁeld for the genus O of D as deﬁned in [1]. In particular, Σ/K is an
abelian extension such that the spinor genera in O can be described in terms of the Galois group
G = Gal(Σ/K ). More precisely, there exists a map
ρ :O×O→ G,
such that D′ belongs to the spinor genus spin(D) if and only if ρ(D,D′) = IdΣ . Furthermore, the
map ρ satisﬁes ρ(D,D′′) = ρ(D,D′)ρ(D′,D′′) for any triple (D,D′,D′′) ∈O3 [1, §3]. Note that when
strong approximation applies to the algebraic group SL1(A), spinor genera coincide with conjugacy
classes [1, §2].
For any suborder H of D, we can deﬁne two intermediate subﬁelds:
1. The upper representation ﬁeld F = F−(D|H) for the pair (D|H) is the smallest subﬁeld of Σ
containing K such that the order H is represented by the spinor genus Spin(D′) for every order
D′ ∈O satisfying ρ(D,D′)|F = IdF .
2. The lower representation ﬁeld F = F−(D|H) is the largest subﬁeld of Σ such that H⊆D′ implies
ρ(D,D′)|F = IdF .
When F−(D|H) = F−(D|H), we call this ﬁeld the representation ﬁeld F (D|H) for the pair (D|H). In
this case we say that the representation ﬁeld exists. The representation ﬁeld is deﬁned in all cases
mentioned in Table 1. In a few additional cases we have existential results or counterexamples (see
Table 2). In any CSA, by an Eichler order we mean just the intersection of two maximal orders. The
existence of a representation ﬁeld F for an order H implies that the proportion of conjugacy classes
in O representing H is [F : K ]−1.
In this paper we focus on the case where H is an order of maximal rank in a maximal subﬁeld L
of A. Instead of trying to give a general formula for all representation ﬁelds F (D|H), we focus on
the maximal possible representation ﬁeld FM(A|H) = maxD⊆A F (D|H), where D runs over the set
of all orders of maximal rank for which F (D|H) is deﬁned. It follows easily from Eq. (7) in [1, §4.2]
that F−(D|H) ⊆ L for every order D of maximal rank, and therefore also FM(A|H) ⊆ L, as long as
this maximum exists. Here we give a formula for FM(A|H) whenever √dimK (A) = p is a prime. In
particular we prove the existence of FM(A|H) in this case. In all cases FM(A|H) is either L or K . In
Section 4 we prove the following important fact:
L. Arenas-Carmona / Journal of Number Theory 132 (2012) 2748–2755 2751Theorem 3. Let A be a central simple algebra of dimension p2 , where p is a prime, and let L be a maximal
subﬁeld. If an order of maximal rank H in L satisﬁes FM(A|H) = K , then H embeds into every spinor genus of
every genus in which it embeds. On the other hand, if FM(A|H) = L, then there exists a genus O, of orders of
maximal rank in A, such that H embeds into 1/p of all spinor genera in that genus.
This leaves open the possibility than the representation ﬁeld may fail to exists for some speciﬁc
genera in the latter case. We ignore at this point whether this can happen or not.
Remark 2.1. We must regard the ﬁeld FM(A|H) as a ﬁrst obstruction to selectivity. When FM(A|H) =
K , the order H cannot be selective for any genus. When FM(A|H) = L then the problem reduces to
ﬁnding the precise collection of genera O= gen(D) for which the representation ﬁeld F (D|H) = L (or
it is undeﬁned). Please note that at this point we ignore whether the representation ﬁeld is deﬁned
for every pair (D|H) where H is commutative. In most applications, one need conditions to ensure
that H embeds into every order in a genus. The fact that the bound FM(A|H) is actually reached by
some genus tells us that no better result can be obtained without taking into consideration the nature
of the order D.
Remark 2.2. The result presented here is completely independent of the maximal order D. However,
note that by deﬁnition F−(D|H) is contained in the spinor class ﬁeld Σ = Σ(D), so there cannot be
any selectivity whenever L ∩ Σ = K .
Remark 2.3. All of the above generalize to S-orders in a global ﬁeld K , when S is a non-empty ﬁnite
set of places containing the set ∞ of archimedean places, if any. One extra condition for selectivity
appears in this case. The ﬁeld L must split at every non-archimedean place in S [3, Theorem 1]. It
also generalizes to orders over the structure sheaf of a projective curve deﬁned over a ﬁnite ﬁeld. In
this case lattices and orders must be understood in the sheave theoretical sense, and we set S = ∅
by deﬁnition. This is done in [4, §2] when D is maximal, although the last hypothesis is not actually
used there. In fact, every result in this work extends to this setting with minor changes and the usual
restriction on the characteristic. Certainly strong approximation cannot hold in the projective case, so
that generalizations of the above results to that setting only give information about spinor genera.
3. A continuity principle
In all of this section, K is a local ﬁeld and A is a central simple K -algebra. We denote by x → |x|
the absolute value on A or its restriction to K . Note that A is locally compact since it is a ﬁnite
dimensional vector space over the locally compact ﬁeld K .
Lemma 3.1. LetA and K be as above. Then the conjugation-stabilizer of a maximal order is compact inA∗/K ∗ .
Proof. Assume ﬁrst that A is a division algebra. We claim that A∗/K ∗ is compact. The result follows
from the claim since a division algebra has a unique maximal order [15, Ch. 1, Thm. 6]. Since e =
[|A∗| : |K ∗|] is ﬁnite, it suﬃces to observe that the kernel of the absolute value is N = B[0;1]− B(0;1),
where B(0;1) (resp. B[0;1]) is the open (resp. closed) ball in A centered at 0, and N is a compact
set.
Assume now that A∼=Mm(A0) for some division algebra A0. The conjugation-stabilizer of a maxi-
mal order D is D∗A∗0/K ∗ , as follows easily from [14, Thm. 17.7]. The conclusion follows since A∗0/K ∗
is compact by the preceding case, and D∗ is compact since it is closed in the compact set D. 
In any metric space (X,d), we deﬁne for every pair of subsets A and B of X ,
ρ(A, B) = supd(a, B).
a∈A
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not symmetric, but ρˆ(A, B) = ρ(A, B)+ρ(B, A) is a metric on the collection of compact subsets of X
called the Hausdorff metric.
In all that follows, for every pair of orders D and H in A we denote
H(D|H) = {N(u) ∣∣ u ∈A∗, uHu−1 ⊆D}, H(H) = H(H|H),
where N :A∗ → K ∗ is the reduced norm. If the local ﬁeld is denoted K℘ , as in next section, we write
H℘ instead of H .
Proposition 3.2. Let A be a central simple algebra over the local ﬁeld K . Assume the order H is contained in
ﬁnitely many maximal orders, and let {Dt}t∈N be a sequence of orders such that ρ(Dt ,D) t→∞−−−→ 0. Then, in
the set theoretical sense:
limsup
t→∞
H(Dt |H) ⊆ H(D|H).
Proof. It suﬃces to prove that if a ∈ H(Dt |H) for inﬁnitely many values of t , then a ∈ H(D|H). The
hypotheses imply a ∈ N(yt)K ∗2 for some yt satisfying ytHy−1t ⊆Dt . Let D′ be a maximal order con-
taining D. Since D′ is open, then Dt ⊆D′ for t suﬃciently large. If ytHy−1t ⊆Dt , then H⊆ y−1t Dt yt ,
whence H ⊆ y−1t D′ yt for t suﬃciently large. It follows that the set of maximal orders {y−1t D′ yt}t
is ﬁnite. Write x¯ for the class in A∗/K ∗ of an element x ∈ A∗ . As the stabilizer of D′ in A∗/K ∗ is
compact, the sequence { y¯t}t∈N is contained in a compact set, whence, by taking a subsequence if
needed, we can assume it is convergent in A∗/K ∗ to an element y¯. In particular, yHy−1 ⊆ D, and
N(yt) ∈ N(y)K ∗2 for t suﬃciently large since K ∗2 is open in K ∗ . We conclude that a ∈ N(y)K ∗2, and
the result follows. 
Corollary 3.2.1. Let H be an order contained in ﬁnitely many maximal orders. Then there exists  = (H) such
that, whenever H⊆D with ρ(D,H)  , we have H(D|H) = H(H).
Proof. Note that the set of quadratic classes is ﬁnite, so one inclusion follows from the previous
lemma. The opposite inclusion is immediate, since H(D|H) = H(D|H)H(H) by the general theory [1,
Lem. 3.2]. 
Proposition 3.3. Assume A is either, a matrix algebra or a division algebra. If L = KH is a maximal subﬁeld
of A, then H is contained in ﬁnitely many maximal orders of A.
Proof. If A is a division algebra there is nothing to prove, so we assume A is a matrix algebra.
Since every pair of embeddings of L into A are conjugate, we can identify L with its natural image
in AutK (L) ∼= AutK (Kn) ∼= A. The H-invariant lattices in Kn correspond to fractional H-ideals in L. It
suﬃces, therefore, to prove that K ∗ acts on the set of fractional H-ideals with ﬁnitely many orbits. Let
Λ be a fractional ideal. Multiplying by an element of K ∗ if needed we can assume that Λ ⊆OL , but
Λ is not contained in πKOL for a uniformizing parameter πK of K , i.e., there exists some element
u ∈ Λ\πKOL . Since OL is a valuation ring, we have πKOL ⊆ uOL . Since H has maximal rank in L,
πNK OL ⊆ H for some N , whence πN+1K OL ⊆ πNK OLu ⊆ HΛ = Λ. It follows that πN+1K OL ⊆ Λ ⊆ OL
and the result follows. 
Corollary 3.3.1. Let A be as in Proposition 3.3. Let H be an order of maximal rank in a maximal subﬁeld of A.
Then there exists  = (H) such that whenever H⊆D with ρ(D,H)  , then H(D|H) = H(H).
Example 3.1. Assume A is a split quaternion algebra and H is an order in a maximal unramiﬁed
subﬁeld L. It is proved in [6] and [9] that there is no selectivity if H embeds non-optimally in D,
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This result does not generalizes to arbitrary orders of maximal rank. For example if Dk
k→∞−−−−→ OL
in the Hausdorff metric, then for k big enough we have H(Dk|H) ⊆ H(OL |H) = H(OL) = O∗K K ∗2
according to the computations in Section 4. In particular, a global counterexample can be constructed
reasoning as in the proof of Proposition 4.1.
4. Computation of FM
In all that follows, K is a number ﬁeld, L/K is a ﬁeld extension of prime degree p, and A is a
p2-dimensional central simple algebra containing a copy of L. We let J K be the idele group of K ∗ ,
AA the adelization of the algebra A, and N : A∗A → J K the adelic reduced norm. For every pair of
global orders H⊆D we deﬁne H(D|H) as the set
{
N(u)
∣∣ u ∈A∗
A
, u−1Hu ⊆D}=
[ ∏
℘/∈∞
H℘(D℘ |H℘) ×
∏
℘∈∞
N
(
A∗℘
)]∩ J K ,
where the local spinor image H℘(D℘ |H℘) is deﬁned as in the preceding section, and H(H) = H(H|H).
Deﬁne the abelian extension F0(A|H) of K as the class ﬁeld corresponding to K ∗H(H). Note that
H(H) is a group since it is the image under the reduced norm of the conjugation-stabilizer of H.
It is immediate from the general theory that H(H)H(D|H) = H(D|H) for any order D of maximal
rank, whence in particular F−(D|H) ⊆ F0(A|H) by the deﬁnition of F−(D|H) as a class ﬁeld given in
[1, §3].1 It follows that an order H such that F0(A|H) = K cannot be selective for any genus.
Let ℘ be a non-split place for L/K . Note that the local conjugation-stabilizer N℘ of H℘ ﬁts into
a short exact sequence L∗℘ ↪→ N℘  Γ℘ , where Γ℘ is contained in the Galois group Gal(L/K ). Fur-
thermore, by Skolem–Noether’s Theorem, Γ℘ is trivial only in the following cases:
1. L℘/K℘ is not Galois.
2. H℘ is asymmetrical.
In any other case Γ℘ is a cyclic group of order p. It is generated by the image of any element c ∈A∗
such that x → cxc−1 is a generator of Gal(L/K ). Note that in particular H(H) ⊇ NL/K ( J L), whence it
follows that F0(A|H) ⊆ L. Theorem 3 follows now from next result:
Proposition 4.1. Let A be a central simple p2-dimensional K -algebra, where p is a prime. If L = KH is
a maximal subﬁeld of A, then there exists an order of maximal rank D in A satisfying F (D|H) = F0(A|H).
In particular, FM(A|H) = F0(A|H) and H is selective for some genus of maximal orders of maximal rank in A
if and only if F0(A|H) = L.
Proof. If L/K is not Galois, the contention F−(D|H) ⊆ L shows that F (D|H) is deﬁned and equals K
for any order D of maximal rank, and F0(A|H) = K for the same reason. Therefore, we can assume
that L/K is Galois. Let T be the set of all ﬁnite places ℘ satisfying one of the following conditions:
1. A is ramiﬁed at ℘ .
2. L/K is inert at ℘ and H℘ is not maximal in L℘ .
3. L/K is ramiﬁed at ℘ .
For any ℘ /∈ T we choose D℘ maximal. Let H℘ be the residual algebra deﬁned in [4, Theorem 1.1].
When L/K splits at ℘ , every representation of the residual algebra H℘ has dimension 1, so we have
H℘(D℘ |H℘) = K ∗℘ [4, Lemma 3.4]. When L/K is inert at ℘ , A℘ is unramiﬁed, and H℘ is maximal
1 Note that F−(D|H) is denoted Σ−(D|H) in the reference.
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O∗℘K ∗p [4, Lemma 3.4]. In any case
H℘(H℘) ⊆ H℘(D℘ |H℘) = NL℘/K℘
(
L∗℘
)⊆ H℘(H℘)
at all ﬁnite places ℘ /∈ T . For the places ℘ ∈ T , we choose D℘ satisfying the conclusion of Corol-
lary 3.3.1. The condition H℘(H℘) ⊆ H℘(D℘ |H℘) is vacuous at inﬁnite places. The result follows. The
last statement is a consequence of this and the discussion at the beginning of the section. 
Proof of Theorem 1. Note that every order in a quadratic extension is symmetric. Assume L ⊆A and
let c ∈ A be a pure quaternion satisfying cac−1 = a¯ for every a ∈ L. Let ℘ be a ﬁnite non-split place
for L/K . Then r = c2 is a reduced norm from L℘ if and only if A℘ splits. Assume ﬁrst that A℘ is
a matrix algebra. Then the reduced norm N(c) = −r is in NL℘/K℘ (L∗℘) if and only if −1 ∈ NL℘/K℘ (L∗℘).
Assume next that A℘ is a division algebra. Then, L℘ is a ﬁeld, whence NL℘/K℘ (L
∗
℘) is a subgroup of
index 2 in K ∗℘ . It follows that −r ∈ NL℘/K℘ (L∗℘) if and only if −1 /∈ NL℘/K℘ (L∗℘). In either case we get
that H℘(H℘) = NL℘/K℘ (L∗℘) if and only if the following conditions are equivalent:
1. −1 ∈ NL℘/K℘ (L∗℘),
2. A℘ is a matrix algebra.
Note that both conditions are trivially satisﬁed if ℘ is split for L/K . Similarly, for inﬁnite places ℘
we have H℘(H℘) = N(A℘), which is K+℘ if A℘ is ramiﬁed and K ∗℘ otherwise. Since L embeds into A,
d is negative at all places where A℘ is ramiﬁed. Now the condition H℘(H℘) ⊆ NL℘/K℘ (L∗℘) at inﬁnite
places is equivalent to every ramiﬁed place for L/K being ramiﬁed A. We conclude that F0(A|H) = L
if and only if A= (−1,dK ) globally. Now the result follows by Theorem 3. 
Proof of Theorem 2. As in the proof of Proposition 4.1 we can assume that L/K is Galois. Let σ
be a generator of the Galois group Gal(L/K ) and assume L ⊆ A. Fix a local place ℘ , non-split
for L/K , and let c ∈ A℘ be an element satisfying cac−1 = σ(a) for every a ∈ L℘ . Such a c exists
by Skolem–Noether’s Theorem. Regard A as a p-dimensional L-vector space by left multiplication.
For any generator v of L/K , we have cr v = σ r(v)cr , whence the powers of c are eigenvectors of
the map x → xv , and therefore linearly independent over L. It follows that L and c generate A
and therefore r = cp ∈ K , since it is central. Note that r is a reduced norm from L℘ if and only
if A℘ splits [10, Prop. 30.6]. Furthermore, the minimal polynomial of c is xp − r, and therefore
N(c) = (−1)p(−r) = r. The rest of the proof is exactly as for Theorem 1, except that the condition
at inﬁnity is trivial. 
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